Crucial to a knowledge of the perturbations of Robertson Walker cosmological models is a knowledge of complete sets of functions with which to expand such perturbations. For the open Robertson Walker cosmology, this question will be completely answered. In addition, some observations will be made concerning explicit solution by separation of variables of wave equations for spin s in a Riemannan space having an infinitesmal line element of which the Robertson Walker models are a special case.
E.3 (Euclidean three space), or H, (three-dimensional hyperbolic space). The choice of three-dimensional manifold is determined by whether the closed, flat or open RW model is used. In the book by Landau and Lifshitz" a complete set of basis functions is derived for the conformally flat RW model in which a general tensor field h,, on E3 can be expanded in terms of three families of functions related to three-dimensional plane waves.
( 1) Using the scalar function Q = e'"" the tensor functions Qaa = fg,pQ, Pap = (f~ ----y--;;;I) Q, P", =O (1.1) are formed. These plane waves in the conformally flat model correspond to perturbations in which the gravitational field, velocity, and density vary.
(2) With the transverse vector wave S = se '"" , sn = 0 the tensor Sap = n,S@ + n&S= satisfies S", = 0. These waves correspond to perturbations in which the gravitational field and velocity vary but not the density.
(3) The transverse tensor waves G,@ = U,Bein*r where the symmetric tensor Uas satisfies UaPn, = O,U,= = 0. These waves correspond to gravitational waves.
The expansion of a symmetric tensor h, can then be given in terms of the three families of functions. In fact the various families can be invariantly characterized on E3 according to Accordingly, this set of functions is but one choice of many possible complete sets of functions which could be obtained from the above equations, e.g., we could have chosen spherical coordinates and expanded the components of the tensor h,, in a suitable set of spherical waves. As the underlying space in this case is E3 there is a six-dimensional isometry group E, consisting of translations and rotations. If we choose a basis of eigenvectors of the translation operators we recover the basis of plane waves discussed above. We note also that WasE* dr = 0, a0 (1.3) when WuB, @'a@ are not from the same type and that each contributing tensor harmonic satisfies Pa W& = a, WDy = in, W&, (1.4) the P, being the translation generators of the six-dimensional isometry group of E3 (the others being rotations). The analogous problem for the closed RW universe has been solved by Gerlach and Sengupta.4 A general tensor field on S, is expanded in terms of three families of functions in direct analogy with the flat space case.
( 1) From scalar eigenfunctions of the Laplace operator Q on S,, viz., AQ= (VyVy)Q= -(n2 -1)Q and for n an integer, the tensor fields Qao = -+ LDQ, Pap = l V,V,Q+ QaB, P", = 0 (n2 -1) are constructed.
(1.5) (1.6) (2) From vector eigenfunctions of the Laplace operator S, which are divergenceless, a tensor S,, = V,S, + V,S, can be constructed where AS, = -(n'-2,S,, V?S, = 0.
(1.7) ( 3) From tensor eigenfunctions of the Laplace operator GeO, one can construct solutions that are symmetric, divergenceless, traceless, AG,, = -(n'-3)G,, VaGcls = 0, G", = 0.
Gerlach and Sengupta4 deveIoped a complete set of solutions for tensors of these types in terms of an angular momentum basis. The results are correct but can be derived more neatly using a knowledge of the group representation theory of SO(4) acting on S,. In the open RW model the problem of a complete set of basis functions has, as far as we know, yet to be fully elucidated. In this article we explicitly compute a basis with which to expand second-order tensors h, on H, . We do this by using group theory and the inherent completeness results obtained by Naimark' and Gelfand et~l .~ The manifold H3 is realized on the upper sheet of the two sheeted hyperboloid:
We choose spherical coordinates on the hyperboloid, viz., = (cash a,sinh a sin B cos 4, sinh a sin 8 sin &,sinh a cos 13)
O<a<m, @@<n, 0<46<2rr, with line element (1.9) ds2 = da* + sinh2 a (d6J ' + sin2 6 d@) .
(1.10)
In order to obtain a complete set of functions with which to expand second-order tensors we proceed as outlined above.
( 1) Scalar functions Q that satisfy If we choose a frame in space-time at each point we can, without loss of generality, choose the frame such that a = p = y = 0 and identify S, (a,&$) e,,,, dx' = dr, e, , ,,dx' = r da, e (lb, dx'=+rsinha(dB+isinBdd), e ,,,,dx'=-$rsinha(d0-isinBd~$).
( Even and odd parity states can be constructed by realizing that the parity operation corresponds to the replacement Q+ -a and the matrix element functions a$)); (a) satisfy cP$;(a) = ( -l)'-JqA;'n( -a).
(1.24) ( 3 ) Tensor harmonics Gafi. The functions we require in this case must be eigenfunctions of A, traceless and divergenceless. As with the case of vector harmonics we consider the relativistic tensor fields that transform under the Lorentz group according to
Defining new vector fields
, then these fields transform according to
Then writing If we fix a frame as before by taking a = fl = y = 0, we can identify G,,(a,&J) as our set of tensor fields. In order to identify which components of Gcd (a,&$) enable the canonical action of the rotation group to be realized we use the tetrad defined by ( 1.20). A suitable choice of tensor harmonics is G, =f3 WWX4DoJM(0,e,~),
(1.29)
Here, m = 0, + 1, + 2 where appropriate. The functions x,i = 1,2,3 are chosen in such a way as to make the orthogonality relations for the functions G,, coincide with those conditions given in the Appendix. If we now seek divergence-free solutions that satisfy V"Gb, = 0 we take Go, = 0 for all a. Then we obtain the two independent solutions by taking f, = r -' + @, which are solutions of This then gives the complete set of functions with which to expand a tensor on H3.
II. SEPARATION OF VARIABLES FOR GENERALLZATIONS OF ROBERTSON WALKER TYPE SPACE-TIMES
In addition to the problem of determining complete sets of functions for the expansion of vector and tensor fields on H3 there has been considerable interest in the intrinsic characterization of solutions of the nonscalar equations of mathematical physics. Considerable attention has been paid to this topic and we mention, in particular, studies of the Dirac equation '-' and Maxwell's equations," In this section we discuss some extensions of the results of Kamran and Fels. " These authors studied the metric given in local coordinates by the line element ds'= dt'-a'(t)(dx'+ b2(x,dy2 + c'(y)diL). (2.1)
In the null frame specified by the one-forms e,,,, dx' = ( l/\/z) (dt -a dx), e,,,, dx'= (l/vT)(dt+adx), e <*jr dx' = ( l/v'7)ab(dy + ic dz), e 1311 dx'= (lNZ)ab(dyicdz). with eigenvalues given according to Table I. The null frame specified by the forms (2.2) is the natural one for the spinorial form of Maxwell's equations. However, for the vector potential form the quasidiagonal tetrad is more suitable. This can be characterized intrinsically by realizing that there is also a Killing-Yano tensor of valence 3 for the Riemannian space with line element (2.1) with components Khrd = ~~~~~~~~~ where the only nonzero element of This is a solution of the equations
Any theory that explains exactly when a separation of variables procedure works would need to show exactly why it is that spin 1 equations in the case of infinitesmal distance (2.1) admit separable solutions whereas higher spin equations do not. This problem does not occur in the case of RW cosmological models, as group theory guarantees the results.
ACKNOWLEDGMENT W. M. was supported in part by the National Science Foundation under grant DMS 88-23054.
APPENDIX: THE LORENTZ GROUP SO(3,l) AND COMPLETE SETS OF MATRIX ELEMENTS
We give here in summarized form, the relevant properties of the Lorentz group. We refer the reader to Gelfand, Minlos, and Shapiro. 
The IRS of SO (3,l) are of two types.
Infinite-dimensional class
In this class c2 # ( fm} + n)' for any positive integer n,
The action of the generators of the Lie algebra on a canonical SO ( 
Finite-dimensional class
In this class c2 = ( [rn 1 + n) * for some positive integer n.
The action of the generators on a canonical SO ( 3) 
x'= (x+tanha)/(l +xtanha).
An explicit expression for these functions has been obtained by Due and Van Hieu.14 These functions satisfy the orthogonality relations
sinh'a da = N$ ',"6,,.S(p -p') m %J W@Yj*(a')dp These relations then enable the uncoupling of the variable of a,, in relativistically invariant equations. The matrix elements arising from the Euler parametrization have given one complete set of functions with which to expand relativistically invariant equations. There are however other systems of basis functions possible, corresponding to a different choice of group parametrization and coordinates on the hyperboloid. These functions are the analogs on HJ of vector and tensor expansion functions corresponding to spherical, or cylindrical waves in Euclidean three-space. We list below a brief summary of other important sets of basis functions that are possible, together with the corresponding group parametrizations and coordinates on HI. In each case the new basis functions are eigenfunctions of a definite subgroup chain of SO ( 3,l) . In the case of spherical coordinates ( 1.9) the basis consists of sets of eigenfunctions of the operators M2 (angular momentum) and MS (its third component). Two other coordinate systems on the hyperboloid are the following.
( and HfAy-(a) = ( -l)'-"Hf$-m+ t --a). (A17) As expected, the recurrence formulas for these functions enable the complete decoupling of relativistically invariant equations from the dependence on a,b& in a frame corresponding to the one-forms: e (, ), dx' = da,e,,,i dx' 
These expressions are deduced from the simplest recurrence relations that enable all other matrix elements @$'jj (a) to be deduced from the expressions for the extremal components.
